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Abstract 

In this paper fields of quantum reference frames based on gauge trans- 
formations of rational string states are described in a way that, hopefully, 
makes them more understandable than their description in an earlier pa- 
per. The approach taken here is based on three main points: (1) There 
are a large number of different quantum theory representations of natural 
numbers, integers, and rational numbers as states of qubit strings. (2) 
For each representation, Cauchy sequences of rational string states give a 
representation of the real (and complex) numbers. A reference frame is as- 
sociated to each representation. (3) Each frame contains a representation 
of all mathematical and physical theories that have the real and complex 
numbers as a scalar base for the theories. These points and other aspects 
of the resulting fields are then discussed and justified in some detail. Also 
two different methods of relating the frame field to physics are discussed. 

1 Introduction 



In other work pQ two dimensional fields of quantum reference frames were de- 
scribed that were based on different quantum theory representations of the real 
numbers. Because the description of the fields does not seem to be understood, 
it is worthwhile to approach a description in a way that will, hopefully, help 
to make the fields better understood. This the goal of this contribution to the 
third Feynman conference proceedings. 

The approach taken here is based on three main points: 

• There are a large number of different quantum theory representations of 
natural numbers, integers, and rational numbers as states of qubit strings. 
These arise from gauge transformations of the qubit string states. 
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• For each representation, Cauchy sequences of rational string states give a 
representation of the real (and complex) numbers. A reference frame is 
associated to each representation. 

• Each frame contains a representation of all mathematical and physical 
theories. Each of these is a mathematical structure that is based on the 
real and complex number representation base of the frame. 

This approach is summarized in the next section with more details given in the 
following sections. 

2 Summary Discussion of the Three Points 

As is well known, the large amount of work and interest in quantum computing 
and quantum information theory is based on quantum mechanical representa- 
tions of numbers as states of strings of qubits and linear superpositions of these 
states. The numbers represented by these states are usually the nonnegative 
integers or the natural numbers. Examples of integer representations are states 
of the form I7, s) and their linear superpositions tp = J2 S 7 c (^' s )l7' s )- Here 
|7, s) = I7, 0) ®jz" \s(j),j) is a state of a string of n + 1 qubits where the qubit 
at location denotes the sign (as 7 = +, — ) and s : [1, • • • , n] — ► {0, 1} is a — 1 
valued function on the integer interval where s(n) — 1. This last condition 
removes the redundancy of leading 0s. 

This description can be extended to give quantum mechanical representa- 
tions of rational numbers as states of qubit strings [2| and of real and complex 
numbers as Cauchy sequences of rational number states of qubit strings [3] . As 
will be seen, string rational numbers can be represented by qubit string states 
(7, s) where s is a — 1 valued function on an integer interval [I, u] with I < 
and u > and the sign qubit 7, at position 0. 

A basic point to note is that there are a great many different representations 
of rational numbers (and of integers and natural numbers) as states of qubit 
strings. Besides the arbitrariness of the location of the qubit string on an integer 
lattice there is the arbitrariness of the choice of quantization axis for each qubit 
in the string. This latter arbitrariness is equivalent to a gauge freedom for the 
choice of which system states correspond to the qubit states |0) and |1). 

This arbitrariness of gauge choice for each qubit is discussed in Section [4] in 
terms of global and local gauge transformations of rational string states of qubit 
strings. A different representation of string rational numbers as states of qubit 
strings is associated with each gauge transformation. 

As will be seen in the next section, there is a quantum representation of real 
numbers associated with each representation of the rational string states. It is 
clear that there are a large number of different representations of real numbers 
as each representation is associated with a different gauge gauge representation 
of the rational string states. 

The gauge freedom in the choice of quantization axis for each qubit plays 
an important role in quantum cryptography and the transfer of quantum infor- 
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mation between a sender and receiver. The choice of axis is often referred to a 
reference frame chosen by sender and receiver for transformation and receipt of 
quantum information [H EE [7] . 

Here this idea of reference frames is taken over in that a reference frame Fr v 
is associated with each quantum representation Ru of real numbers. Since each 
real number representation is associated with a gauge transformation U, one 
can also associate frames directly with gauge transformations, as in U —* Fjj 
instead of Fr v . 

It should be noted that complex numbers are also included in this description 
since they can be represented as an ordered pair of real numbers. Or they can be 
built up directly from complex rational string states. From now on real numbers 
and their representations will be assumed to also include complex numbers and 
their representations. 

An important point for this paper is that any physical or mathematical the- 
ory, for which the real numbers form a base or scalar set, has a representation 
in each frame as a mathematical structure based on the real number represen- 
tation in the frame. Since this is the case for all physical theories considered to 
date, it follows that they all have representations in each frame as mathematical 
structures based on the real number representation in the frame. It follows that 
theories such as quantum mechanics, quantum field theory. QED, QCD, string 
theory, and special and general relativity all have representations in each frame 
as mathematical structures based on the real number representation associated 
with the frame. It is also the case that, if the space time manifold is considered 
to be a 4 — tuple of the real numbers, then each frame contains a representation 
of the space time manifold as a 4 — tuple of the real number representation. 

To understand these observations better it is useful to briefly describe theo- 
ries. Here the usual mathematical logic [H] characterization of theories as being 
defined by a set of axioms is used. All theories have in common the logical 
axioms and logical rules of deduction; they are distinguished by having different 
sets of nonlogical axioms. This is the case whether the axioms are explicitly 
stated or notQ 

Each theory described by a consistent set of axioms has many representations 
(called models in mathematical logic jl as mathematical structures in which the 
theory axioms are true. Depending on the axiom set the representations may 
or may not be isomorphic. 

The real numbers axiomatized as a complete ordered field are an example 
of a simple theory. For this axiomatization all representations of the real num- 
bers are isomorphic. However they are not the same. All theories based on the 
real (or complex) numbers include the real (and complex) number axioms in 

The importance of the axiomatic characterization of physical or mathematical theories 
is to be emphasized. All properties of physical or mathematical systems are described in the 
theory as theorems which are obtained from the axioms by use of the logical rules of deduction. 
Without axioms a theory is empty as it can not make any predictions or have any meaning. 

2 In physics models have a different meaning in that they are also theories. However they 
are simpler theories as they are based on simplifying model assumptions which serve as axioms 
for the simpler theory. 
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their axiom sets. These well known aspects of theories are are quite familiar in 
the application of group theory to physics. Each abstract group is defined by 
a set of axioms that consist of the general group axioms and additional ones 
to describe the particular group considered. Each group has many different 
representations as different mathematical systems. These can be matrices or 
operators in quantum theory. These are further classified by the dimensionality 
of the representation and whether they are reducible or irreducible. The impor- 
tance of different irreducible representations to describe physical systems and 
their states is well known. 

As sets of axioms and derived theorems, physical theories, unlike mathe- 
matical theories, also have representations as descriptions of physical systems 
and their properties. It is immaterial here whether these representations are 
considered to be maps from theory statements to physical systems and their 
properties or from different mathematical representations of the theory to phys- 
ical systems and their properties. It is, however, relevant to note that theoretical 
predictions to be tested by experiment are or can be represented by equations 
whose solutions are real numbers. Spectra of excited states of nuclei, atoms, and 
molecules are examples. The same holds for observables with discrete spectra 
such as spin, isospin, and angular momentum. Here the eigenvalues are the real 
number equivalents of integers or rational numbers. 

3 Real Numbers and their Representation in Quan- 
tum Theory 

It is useful to begin with a question "What are the real numbers?" The most 
general answer is that they are elements of any set of mathematical or physical 
systems that satisfies the real number axioms. The axioms express the require- 
ments that the set must be a complete, ordered field. This means that the set 
must be closed under addition, multiplication and their inverses, A linear order 
must exist for the collection, and any convergent sequence of elements converges 
to an element of the set. 

It follows that all sets of real numbers must at least have these properties. 
However they can have other properties as well. A study of most any mathe- 
matical analysis textbook will show that real numbers are defined as equivalence 
classes of either Dedekind cuts or of Cauchy sequences of rational numbersll A 
sequence t n of rational numbers is a Cauchy sequence if 

For all / there is an h such that 

\tj-t k \<2- 1 (1) 
for all j, k > h. 

The proof that the set of equivalence classes of Cauchy sequences are real num- 
bers requires proving that it is a complete ordered field. 

3 Rational numbers are denned as equivalence classes of ordered pairs of integers which are 
in turn defined as equivalence classes of ordered pairs of the natural numbers 0, 1, 2, • • •. 
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A similar situation holds for rational numbers (and integers and natural 
numbers). Rational numbers are elements of any set that satisfies the axioms 
for an ordered field. However the field is not complete. 

The representation of rational numbers used here will be based on finite 
strings of digits or kits in some base k along with a sign and "k — al" point. Use 
of the string representation is based on the fact that physical representations of 
rational numbers (and integers and natural numbers) are given as digits or states 
of strings of kits or qukits (with a sign and " k — al" point for rational numbers) 
in some base k > 2. Such numbers are also the base of all computations, 
mainly because of the efficiency in representing large numbers and in carrying 
out arithmetic operations. The usefulness of this representation is based on the 
fact that for any base k > 2, these string numbers are dense in the set of all 
rational numbers. 

Here, to keep things simple, representations will be limited to binary ones 
with k — 2. The representations will be further restricted here to be represented 
as states of finite strings of qubits. This is based on the fact that quantum 
mechanics is the basic mechanics applicable to all physical systems. The Cauchy 
condition will be applied to sequences of these states to give quantum theory 
representations of real numbers. 

It should be noted that there are also quantum theory representations of 
real numbers that are not based on Cauchy sequences of states of qukit strings. 
Besides those described in [T3J [T2J HH] there are representations as Hermitian 
operators in Boolean valued models of ZF set theory [TTl[T2l[T3] and in a category 
theory context |17j . These representations will not be considered further here 
because of the limitation here of representations to those based on finite strings 
of qubits. 

3.1 Rational Number States 

Here a compact representation of rational string states is used that combines the 
location of the "binal" point and the sign. For example, the state 1 1001 — 0111) 
is a state of eight — 1 qubits and one ± qubit representing a rational string 
number —9.4375 in the ordinary decimal form. 

Qubit strings and their states can be described by locating qubits on an 
integer latticeQ Rational string states correspond to states of qubits occupying 
an integer interval [m + l,m + u]. Here I < < u, m is the location of the ± 
qubit, and the — 1 qubits occupy all positions in the interval [m+l, m+u]. Note 
that two qubits, a sign one and a — 1 one, occupy position m. For fermionic 
qubits this can be accounted for by including extra variables to distinguish the 
qubit types. 

One way to describe rational string states is by strings of qubit annihilation 
creation (AC) operators a at j,a a ^ acting on a qubit vacuum state |0). Also 

4 Note that the only relevant properties of the integer locations is their ordering, a discrete 
linear ordering. Nothing is assumed about the spacing between adjacent locations on the 
lattice. 
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present is another qubit type represented by the AC operators c 7jm cj m . Here 
a = 0, 1; 7 = +, — , and j, to are integers. 

For this work it is immaterial whether the AC operators satisfy commutation 
relations or anticommutation relations: 

[a a j, CLatji] = fij,j'fia,a' ^ 

[ a i,j^ a i',j'\ = kj.Vy] = 

or 

{ a a,j, 1 a ' ji} — 5j,j'8 a , a ' ^ 

with similar relations for the c operators. The c operators commute with the a 
operators. 

Rational number states are represented by strings of a creation operators 
and one c creation operator acting on the qubit vacuum state |0) as 

|7, to, s,l,u) = c\ m a\ [u) u ■ ■ ■ a\ {l) l \Q). (4) 

Here I < to < u and I < u with I, to, u integers, and s : [I, u] — ► {0, 1} is a {0, 1} 
valued function on the integer interval [l,u]. Alternatively s can be considered 
as a restriction to [l,u] of a function defined on all the integers. 

An operator TV can be defined whose eigenvalues correspond to the values of 
the rational numbers one associates with the string states. N is the product of 
two commuting operators, a sign scale operator 7V SS , and a value operator N v . 
One has 

N = N SS N V 

where N ss = £ 7 , m 7 2^ C t m c 7 , m (5) 

The operator is given for reference only as it is not used to define arithmetic 
properties of the rational string states. 

There is a large amount of arithmetical redundancy in the states. For in- 
stance the arithmetic properties of a rational string state are invariant under a 
translation along the integer axis. This is a consequence of the fact that these 
properties of the state are determined by the distribution of Is relative to the 
position to of the sign and not on the value of to. The other redundancy arises 
from the fact that states that differ in the number of leading or trailing 0s are 
all arithmetically equal. 

These redundancies can be used to define equivalence classes of states or 
select one member as a representative of each class. Here the latter choice will 
be made in that rational number states will be restricted to those with to = 
for the sign location and those with s restricted so that s(l) = 1 if I < and 
s(u) = 1 if u > 0. This last condition removes leading and trailing 0s. The state 
aoo c +ol0) i s the number 0. For ease in notation from now on the variables 
to, I, u will be dropped from states. Thus states |0, 7, s, I, u) will be represented 
as j 7 , s) with the values of I, u included in the definition of s. 
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There are two basic arithmetic properties, equality, —a and ordering <a 
Arithmetic equality is defined by 

|7,s) = A h',s'), , . 

if V = I, v! = u, i = 7 and l B , = l s . 1 ' 

Here l s = {j : s(j) — 1} the set of integers j for which s(J) = 1 and similarly for 
l s '. That is, two states are arithmetically equal if one has the same distribution 
of ls relative to the location of the sign as the other. 

Arithmetic ordering on positive rational string states is defined by 

\+,s) <A \ + ,s'), if l a < l s * (7) 

where 



l s < l s i if there is a j where j is in l s / and not in 1 4 
and for all m > j,mel s iff mel s >. 

The extension to zero and negative states is given by 

|+,0) < A \+,s) for all s 
\+,s) <a \+,s')^\-,s') < A \-,s). 



(8) 



(9) 



The definitions of —a,i£a can be extended to linear superpositions of ra- 
tional string states in a straightforward manner to give probabilities that two 
states are arithmetically equal or that one state is less than another state. 

Operators for the basic arithmetic operations of addition, subtraction, multi- 
plication, and division to any accuracy | + , —£) are represented by +a, — a, x Ai ~^a,. 
The state 



-^> = 4 1 o4 [G ._, +1] a t-i|0)- (!°) 

2- " 



where aj f j = a o o a o -i ' ' ' a o -i+i"> 1S an eigenstate of N with eigenvalue 



As an example of the explicit action of the arithmetic operators, the unitary 
addition operator + satisfies 

+a|7«)ItV> = \l*)W's") (11) 

where \ j"s") is the resulting addend state. It is often useful to write the addend 
state as 

| 7 V) = | 7 V +A IS) = A IV, S') + A h, S). (12) 

More details on the arithmetic operations are given elsewhere [3]. Note that 
these operations are quite different from the usual quantum theory superpo- 
sition, product, etc. operations. This is the reason for the presence of the 
subscript A. 
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3.2 The Cauchy Condition 

The arithmetic operators can be used to define rational number properties of 
rational string states and their superpositions. They can also be used to define 
the Cauchy condition for a sequence of rational string states. Let {|7 n , s n ) : n = 
1, 2, • • •} be any sequence of rational string states. Here for each n 7„e{+, — } 
and s n is a — 1 valued function from a finite integer interval that includes 0. 
The sequence {|7n •?„.)} satisfies the Cauchy condition if 

For each I there is an h where for all j,k > h , . 

\(hjSj-AlkS k \A)) <A { ' 

In this definition |(|7jSj —a 7fcS/cU)) is the state that is the arithmetic absolute 
value of the arithmetic difference between the states \jj,Sj) and |7fc,Sfe). The 
Cauchy condition says that this state is arithmetically less than or equal to the 
state |+, —£) for all j, k greater than some h. 

It must be emphasized that this Cauchy condition statement is a direct 
translation of Eq. Q]to apply to rational string states. It has nothing to do with 
the usual convergence of sequences of states in a Hilbert or Fock space. It is 
easy to see that state sequences which converge arithmetically do not converge 
quantum mechanically. 

It was also seen in [3] that the Cauchy condition can be extended to sequences 
of linear superpositions of rational states. Let ip n = J^-y s l7> s )(7 s IV , n)- Here 
^ s = EkoEb^Ssp ] * s a sum over an m t e g er intervals [l,u] and over all 
— 1 valued functions from [l,u]. From this one can define the probability that 
the arithmetic absolute value of the arithmetic difference between ipj and tpk is 
arithmetically less than or equal to |+, —£) by 

\(\ 7 , s - A y,s>\ A ))< A \+,-i), ^> 

The sequence {i/j n } satisfies the Cauchy condition if P{^ n } = 1 where 

Ps^l l = lim inf lim sup lira inf Pj m i- (15) 

l^co h-tao 3> k > h 

Here Pu, n \ is the probability that the sequence {ip n } satisfies the Cauchy con- 
dition. 

Cauchy sequences can be collected into equivalence classes by defining { |7„, s n ) } = 
{|7n s n)} if the Cauchy condition holds with j' k replacing 7^ and s' k replacing 
Sfe in Eq. [T31 To this end let [{|7n,s n )}] denote the equivalence class contain- 
ing the Cauchy sequence {|7„, s n )}. Similarly {?/>„} = {ip' m } if -P{v,„}={v;„} = 1 
where P-[^, n y={^' } is given by Eqs. UM and [T5l with tp' k replacing ipk in Eq. [TH 

The definitions of —a,<a,+a,~a,^-a,^aj can be lifted to definitions of 
=R, —r, X R, +r on the set [{|7 n , s n )}] of all equivalence classes. It can 

be shown [?] that [{|7 n ,s n )}] with these operations and relations is a represen- 
tation or model of the real number axioms. In this sense it is entirely equivalent 
to R which is the real number component of the complex number base for the 
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Hilbert space containing the rational string number states that were used to 
define [{|7n, 

Another representation of real numbers can be obtained by replacing the 
sequences {\j n , s n )} by operators. This can be achieved by replacing each index 
n by the rational string state that corresponds to the natural number n. These 
are defined by I7, s) where 7 = + and I = where I is the lower interval bound, 
for the domain of s as a — 1 function over the integer interval [l,u]. 

In this case each sequence \j n , s n ) corresponds to an operator O defined on 
the domain of natural number states. One has 



where n is the N (defined in Eq. eigenvalue of the state | + , s). O is defined 
to be Cauchy if the righthand sequence in Eq. [16] is Cauchy. One can also give 
a Cauchy condition for O by replacing the natural numbers in the definition 
quantifiers by natural number states. 

One can repeat the description of equivalence classes of Cauchy sequences 
of states for the operators to obtain another representation of real numbers as 
equivalence classes of Cauchy operators. The two definitions are closely related 
as Eq. [16] shows, and should be equivalent as representations of real number 
axioms. This should follow from the use of Eq. [1^] to replace the left hand 
expression for the right hand expression in all steps of the proofs that Cauchy 
sequences of rational string states satisfy the real number axioms. 

4 Gauge Transformations 

The representation of rational string states as states of strings of qubits as in Eq. 
[4] implies a choice of quantization axes for each qubit. Usually one assumes the 
same axis for each qubit where the axis is fixed by some external field. However 
this is not necessary, and in some cases, such as quantum cryptography [?], 
rotation of the axis plays an important role. 

In general there is no reason why the axes cannot be arbitrarily chosen for 
each qubit. This freedom of arbitrary directions for the axes of each qubit 
corresponds to the set of possible local and global gauge transformations of the 
qubit states. Each gauge transformation corresponds to a particular choice in 
that it defines the axis direction of a qubit relative to that of its neighbors. 

Here a gauge transformation U can be defined as an SU(2) valued function 

on the integers, U : { 1, 0, 1, • • •} — > SU(2). U is global if Uj is independent 

of j, local if it depends on j. The effect of U on a rational string state I7, s) is 
given by 



U\j, s) = Uoc^oUual^ u • • ■ Uia\ {l) JO) = (% ) 7 ,o(<J s (»),„ • ■ ■ K^c/ylO) 

(17) 



0\ + ,s) = |7„,s. 



•n 



) 



(16) 



where 



{ a U } )i,3 = U 3 a i,j = T,k( U j)i^ a k,j 
au } )h,j = a h ,jU] = T,i( u j)*,h a i,j 



(18) 
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These results are based on the representation of Uj as 

i . h 

Arithmetic relations and operators transform in the expected way. For the 
relations one defines =a,u and <a,u by 

=A,u:= (U = A f/t) 

<a,u:= U < A f/t. ( 20 ^ 

These relations express the fact that U\js) —au U\-f's') if and only if I7, s) ~a 
| 7 ', 3') and U\j, s) <au U\i, s') if and only if | 7 , a) < A |Y, «')• 
For the operation +a one defines +a.u by 

+ A ,u ■= (U x U)+ A (U* x l/t). (21) 

Then 

= (l/x{/)+ a (| 7 , s )x| 7 ', s ')) 1 j 

as expected. This is consistent with the definition of +a in Eq. [11] as a binary 
relation. Similar relations hold for xa,—a,+a,i- 

It follows from these properties that the Cauchy condition is preserved under 
gauge transformations. If a sequence of states {ip n } is Cauchy then the sequence 
{Uijjn} is U-Cauchy which means that it is Cauchy relative to the transformed 
arithmetic relations and operations. For example, if a sequence {|7n,Sn)} sat- 
isfies the Cauchy condition, then the transformed sequence {U\^ n , s n )} satisfies 
the U-Cauchy condition: 

For each £ there is an h where for all j,k > h , , 

\(U\j jSj -AU U lkSk \ A u)) <AU U\ + ,-t). 1 ' 

These definitions and considerations extend to the Cauchy operators. If O 
is Cauchy the the above shows that 

Ou = UOU ] (24) 

is U-Cauchy. However Ou is not a Cauchy operator in the original frame and 
O is not Cauchy in the transformed frame. 

To see that Ou is not Cauchy in the original frame it is instructive to consider 
a simple example. First one works with the Cauchy property for sequences of 
states. Let / : (—00, n] — > {0, 1} be a — 1 function from the set of all integers 
< n where f(n) = 1. Define a sequence of states 

\f)m = c +,O a f( n ) t n a f(n-l),n-l ' ' ' a /(-m),-rJ°) ( 25 ) 

for m = 1,2, • • • . The sequence is Cauchy as ||/(j)) —a !/(&)) U <a |+j — -0 I0r 
all j, k > I. However for any gauge transformation U the sequence 

U\f)m = C+,o(°tf)/(n),n ' ' ' (4l) f(-rn)-m\ty (26) 
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is not Cauchy as expansion of the a\j in terms of the at by Eq. [THl gives U\f) m 
as a sum of terms whose arithmetic divergence is independent of m. 

To show that Ojj is Cauchy in the transformed frame if and only if O is 
Cauchy in the original frame one can start with the expression for the Cauchy 
condition in the transformed frame: 

\OuU\sj) -AuduU\s k )\ A u <au U\ + ,-£) , 27) 
for all U\sj), U\sk) >au some U\sh) 

From Eq. [M] one gets 

duU\ Sj ) ~au OuU\ Sk ) = Ud\ Sj ) ~au UO\s k ). 

From Eqs. [TT1 and [T2l applied to — au and Eqs. |2"T1 and |2"21 one obtains 

ud\8j) -au uo\s k ) = u(6\ Sj ) a o\ Sk )). 

Use of 

\-\au = U\- \ A U^ (28) 
for the absolute value operator gives 

117(61*,-) a d\s k ))\ AU = u(\o\ Sj ) -a d\ Sk }\ A ). 

Finally from Eq. l2T)lone obtains 

U(\0\ Sj ) - A 0\s k )\ A ) < AU U\+,-£) 

<-» \6\j) - A d\s k )\ A <a \+,-t) 

which is the desired result. Thus one sees that the Cauchy property is preserved 
in unitary transformations from one reference frame to another. 

As was done with the Cauchy sequences and operators, the U-Cauchy se- 
quences or their equivalents, U-Cauchy operators, can be collected into a set TZjj 
of equivalence classes that represent the real numbers. This involves lifting up 
the basic arithmetic relations —au, <au and operations +au, x au, ~au, +AU,l 
to real number relations =ru, <ru and operations +rui x ru, —rUt^ru, and 
showing that TZjj is a complete, ordered, held. 

It is also the case that for almost all gauge U the real numbers in IZjj are or- 
thogonal to those in TZ in the following sense. One can see that each equivalence 
class in TZ contains a state sequence |7„, sr Uj _ n i) where s is a — 1 valued func- 
tion on the interval of all integers < u. Let U be a gauge transformation with 
associated state sequence \Uo^ n , C/sr Uj _ ra i). Both sequences satisfy their respec- 
tive Cauchy conditions. However the overlap (j n , s\ Ut _ n ]\Uo'y n , f7sr U) _ n ]) — > as 
n — ► oo. This expresses the sense in which TZ and TZjj are orthogonal. 



5 Fields of Quantum Frames 

As has been seen, one can define many quantum theory representations of real 
numbers as Cauchy sequences of states of qubit strings or as Cauchy operators 
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on the qubit string states. The large number of representations stems from the 
gauge (global and local) freedom in the choice of a quantization axis for the 
qubit strings. Complex number representations are included either as ordered 
pairs of the real number representations or as extensions of the description of 
Cauchy sequences or Cauchy operators to complex rational string states [3]. 

It was also seen that for each gauge transformation U the real and complex 
number representations TZ-u, Cjj are the base of a frame Fjj. The frame Fu also 
contains representations of physical theories as mathematical structures based 
on TZu, Cu. 

The work in the last two sections shows that the description of rational 
string states as states of finite strings of qubits given is a description in a Fock 
space. (A Fock space is used because of the need to describe states of variable 
numbers of qubits and their linear superpositions in one space.) The arithmetic 
operations +a, — a, Xa, ^aj on states of these strings are represented by Fock 
space operators. The properties of these operators acting on the qubit string 
states are used to show that the states represent binary rational numbers. Fi- 
nally equivalence classes of sequences of these states or of operators that satisfy 
the Cauchy condition are proved to be real numbers [3J. 

The essential point here is that the Fock space, !F, and any additional math- 
ematics used to obtain these results are based on a set R, C of real and complex 
numbers. For example, superposition coefficients of basis states are in C, the in- 
ner product is a map from pairs of states to C, operator spectra are elements of 
C, etc. The space time manifold used to describe the dynamics of any physical 
representations of the qubit strings is given by i? 4 . 

It follows that one can assign a reference frame F to R and C. Here F 
contains all physical and mathematical theories that are represented as mathe- 
matical structures based on R and C. However, unlike the case for the frames 
Fu. the only properties that R and C have are those based on the relevant ax- 
ioms (complete ordered field for R). Other than that, nothing is known about 
how they are represented. 

This can be expressed by saying that R and C are external, absolute, and 
given. This seems to be the usual position taken by physics in using theories 
based on R and C. Physical theories are silent on what properties R and C 
may have other than those based on the relevant axioms. However, as has been 
seen, one can use these theories to describe many representations Rjj and Cu 
and associated frames Fu based on SU{2) gauge transformations of the qubit 
strings. As noted, for each U, Fu contains representations of all physical theories 
as mathematical structures over Ru , Cu ■ For these frames one can see that Ru 
and Cu have additional properties besides those given by the relevant axioms. 
They are also equivalence classes of Cauchy sequences {U\j n ,s n )} or Cauchy 
operators Ou- 

Fig. Q] is a schematic illustration of the relation between frame F and the 
frames Fu- Only three of the infinitely many Fu frames are shown. The arrows 
indicate the derivation direction in that R, C based theory in F is used to 
describe, for each U Ru and Cu that are the base of all theories in Fu- Note 
that the frame Fid with the identity gauge transformation is also included as 
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one of the Fu . It is not the same as F because Ri d is not the same as R. 




Figure 1: Relation between a Base Frame F and Gauge Transformation Frames. 
A frame Fu is associated with each gauge transformation U of the rational string 
states in F. The three frame connections shown are illustrative of the infinitely 
many connections, shown by the two headed vertical arrow. Each Fjj is based 
on real and complex numbers Tlu,Cu an d a space time manifold TZfj. 

The above relations between the frames F and Fjj shows that one can repeat 
the description of real and complex numbers as Cauchy sequences of (or Cauchy 
operators on) rational string states in each frame Fjj . In this case the Fock space 
representation, Tjj, used to describe the qubit string states in Fu, is different 
from from T in that it is based on Ru,Cu instead of on R,C. However the 
two space representations are related by an isomorphism that is based on the 
isomorphism between R and Ru- 

It is useful to examine this more. First consider the states of a qubit at site j. 
For an observer in frame F, these states have the general form a\0) +/3|1) where 
a and (3 are complex numbers in C. Let U be an SU (2) gauge transformation 
where U (j) is defined by 

U(j)\0) = |+) 

u(j)\D = H 

where |±) = (l/\/2)|0) ± |1)). Then the states |+) and |— ) in frame F are seen 
by an observer in Fu as the states |0) and |1) respectively as the quantization 
axis is different. 

A similar situation holds for states of qubit strings. To an observer in F 
the state U\"f, s) is different from I7, s). However an observer in frame Fu, with 
a different set of quantization axes for each qubit, would represent the state 
U\-f, s) as I7, s) as to him it is the same state relative to his axis set as it is to 
the observer in F for his axis set. 

The situation is slightly different for linear superpositions of basis states. 
To an observer in F, the coefficients a, (3 in the state aU\"f,s) + f3U\Y,s') 
represent abstract elements of C. The same observer sees that this state in Fu 
is represented by au\j, s)+j3u\'j', s') where au, Pu as elements of Cu, represent 
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resented in frame F by the matrix 
then, to an observer in F, g is represented in frame Fu by 



where a, b, c, d are elements of C , 



the same abstract complex numbers as do a, (3. However an observer in Fjj sees 
this same state as a|7, s) + f3\j' , s'). To him the real and complex number base 
of his frame is abstract and is represented by R, C. 

In general an observer in any frame sees the real and complex number base of 
his own frame as abstract and given with no particular representation evident. 
However the observer in frame F also sees that what to him is the abstract 
number r, is the number rjj as and element of Rjj in frame Fjj . 

These considerations also extend to group representations as matrices of 
complex numbers. If the element g 1 as an abstract element of SU(2), is rep- 

a b 
c d 

ay b v 
cu d v 

an , bjj , cjj , djj , as elements of Cjj, correspond to the same abstract complex 
numbers as do a, b, c, d. However an observer in Fu sees this representation as 

a ^ which is the same as the F observer sees in his own frame, 
c d 

Following this line of argument one can now describe another generation of 
frames with each frame Fjj in the role of a parent to progeny frames just as F 
is a parent to the frames Fjj as in Fig. [TJ This is shown schematically in Fig. 
[21 Again, only three of the infinitely many stage 2 frames emanating from each 
stage 1 frame are shown. Here something new appears in that there are many 



Here 




Figure 2: Three Iteration Stages of Frames coming from Frames. Only three 
frames of the infinitely many, one for each gauge U, are shown at stages 1 and 
2. The arrows connecting the frames show the iteration direction of frames 
emanating from frames. 

different paths to a stage 2 frame. For each path, such as F — > Fjj 1 — > Fu 2 , Ui is 
the product U"Ui of two gauge transformations where U" — U2U\. An observer 
in this frame Fjj 2 sees the real and complex number frame base as abstract, and 
given. To him they can be represented as R, C. An observer in Fjj 1 sees the real 
and complex number base of Fjj 2 as Rjj" , Cu" ■ 
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However an observer in F sees the real and complex number base of Fu 2 
as Ru"\UiiCu"\Ui- The subscript U"\Ui denotes the fact that relative to F the 
number base of Fjj 2 is constructed in two stages. First the Fock space T is used 
to construct representations Rjj 1 , Cu 1 of R and C as U\ Cauchy sequences of 
states {Ui |7„, s s ) }. Then in frame Fjj 1 the Fock space Tjj 1 , based on Ru l , Cjj 1 , is 
used to construct the number representation base of Fu 2 as U" Cauchy sequences 
{U"\^ n , s n )} of qubit string states in Tu x . 

One sees, then, that, for each path leading to a specific stage 2 frame, there 
is a different two stage construction of the number base of the frame. This view 
from the parent frame F is the same view that we have as observers outside the 
whole frame structure. That is, our external view coincides with that for an 
observer inside the parent frame F . 

The above description of frames emanating from frames for 2 stages suggests 
that the process can be iterated. There are several possibilities besides a finite 
number of iterations exemplified by Fig[2] for 2 iterations. Fig. [3] shows the 
field structure for a one way infinite number of iterations. Here one sees that 




Stages 

Figure 3: One way Infinite Iteration of Frames coming from Frames. Only 
three of the infinitely many frames, one for each gauge U are shown for stages 
1, 2, • • • , j, j + 1, • • • . The arrows connecting the frames show the iteration or em- 
anation direction. The center arrows labeled ID denote iteration of the identity 
gauge transformation. 

each frame has an infinite number of descendent frame generations and, except 
for frame F, a finite number number of ancestor generations. The structure of 
the frame field seen by an observer in F is the same as that viewed from the 
outside. For both observers the base real and complex numbers for F are seen 
as abstract and given with no structure other than that given by the axioms for 
the real and complex numbers. 

There are two other possible stage or generation structures for the frame 
fields, two way infinite and finite cyclic structures. These are shown schemati- 
cally in Figs. [4] and El The direction of iteration in the cyclic field is shown by 
the arrows on the circle rather than example arrows connecting frames as in the 
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other figures. For both these frame fields each frame has infinitely many parent 
frames and infinitely many daughter frames. There is no single ancestor frame 
and no final descendent frames. The cyclic field is unique in that each frame 
is both its own descendent and its own ancestor. The distance between these 
connections is equal to the number of iterations in the cyclic field. 




-1 1 J i+ 1 

Stages 



Figure 4: Two way Infinite Iteration of Frames coming from Frames. Only three 
of the infinitely many frames, one for each gauge U are shown at each stage 
■ • • , — 1, 0, 1, • • • , j, j + 1, • • •. The solid arrows connecting the frames show the 
iteration or emanation direction. The wavy arrows denote iterations connecting 
stage 1 frames to those at stage j. The straight dashed arrows denote infinite 
iterations from the left and to the right. of the identity gauge transformation. 




Figure 5: Schematic Representation of Cyclic Iteration of Frames coming from 
Frames. The vertical two headed arrows represent the gauge transformations at 
each stage and the arrows along both ellipses show the direction of iteration. To 
avoid a very complex and messy figure no arrows connecting frames to frames 
are shown. 

These two frame fields differ from the others in that the structure seen from 
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the outside is different from that for an observer in any frame. There is no 
frame F from which the view is the same as from the outside. Viewed from 
the outside there are no abstract, given real and complex number sets for the 
field as a whole. All of these are internal in that an observer in frame Fjj. at 
generation j sees the base Rjj ,Cu as abstract with no properties other than 
those given by the relevant axioms. 

The same holds for the representations of the space time manifold. Viewed 
from the outside there is no fixed abstract space time representation as a 4- 
tuple of real numbers associated with the field as a whole. All space time 
representations of this form are internal and associated with each frame. This 
is based on the observation that the points of a continuum space time as a 4- 
tuple of representations of the real numbers are different in each frame because 
the real number representations are different in each frame. Also, contrary to 
the situation for the fields in Figs. there is no representation of the space 
time points that can be considered to be as fixed and external to the frame field. 

The lack of a fixed abstract, external space time manifold representation for 
the two-way infinite and cyclic frame fields is in some ways similar to the lack 
of a background space time in loop quantum gravity [20] . There are differences 
in that in loop quantum gravity space is discrete on the Planck scale and not 
continuous [H] . It should be noted though that the representation of space time 
as continuous is not a necessary consequence of the frame fields and their prop- 
erties. The important part is the real and complex number representation base 
of each frame, not whether space time is represented as discrete or continuous. 

It is useful to summarize the views of observers inside frames and outside of 
frames for the different field types. For all the fields except the cyclic ones an 
observer in any frame Fu, at stage j sees the real number base Rjj j of his frame 
as abstract and external with no properties other than those given by the axioms 
for a complete ordered field. The observer also cannot see any ancestor frames. 
He/she can see the whole frame field structure for all descendent frames at 
stages k > j. Except as noted below, the view of an outside observer is different 
in that he/she can see the whole frame field structure. This includes the point 
that, to internal observers in a frame, the real and complex number base of the 
frame is abstract and external. 

For frame fields with a fixed ancestor frame F, Figs. [1} [2l [3j the view of an 
outside observer is almost the same as that of an observer in frame F. Both see 
the real and complex number base of F as abstract and external. Both can also 
see the field structure for all frames in the fields. However the outside observer 
can see that frame F has no ancestors. This is not available to an observer in 
F as he/she cannot see the whole frame field. 

The cyclic frame field is different in that for an observer in any frame at stage 
j, frames at other stages are both descendent and ancestor frames. This suggests 
that the requirement that a frame observer cannot see the field structure for 
ancestor frames, but can see it for descendent frames, may have to be changed, 
at least for this type of frame field. How and what one learns from such changes 
are a subject for future work. 
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6 Relation between the Frame Field and Physics 



So far, frame fields based on different quantum mechanical representations of 
real and complex numbers have been described. Each frame contains a rep- 
resentation of physical theories as mathematical structures based on the real 
number representation base of the frame. The representations of the physical 
theories in the different frames are different because the real (and complex) 
number representations are different. They are also isomorphic because the real 
(and complex) number representations are isomorphic. 

The description of the frame field given so far is incomplete because nothing 
has been said about the relation of the frame field to physics. So far the only use 
of physics has been to limit the description of rational number representations 
to quantum mechanical states of strings of qubits. 

The main problem here is that to date all physical theories make no use 
of this frame field. This is evidenced by the observation that the only proper- 
ties of real numbers relevant to physical theories are those derivable from the 
real number axioms for a complete, ordered field. So far physical theories are 
completely insensitive to details of different representations of the real numbers. 

This problem is also shown by the observation that there is no evidence of 
this frame structure and the multiplicity of real number representations in our 
view of the existence of just one physical universe with its space time manifold, 
and with real and complex numbers that can be treated as absolute and given. 
There is no hint, so far, either in physical theories or in properties of physical 
systems and the physical universe, of the different representations and the frame 
fields. 

This shows that the main problem is to reconcile the great number of dif- 
ferent representations of the real and complex numbers and the R A space time 
manifold as bases for different representations of physical theories with the lack 
of dependence of physical theories on these representations and no evidence for 
them in our view of the physical universe. 

One possible way to do this might be to collapse the frame field to a smaller 
field, ideally with just one frame. As a step in this direction one could limit 
quantum theory representations of rational string numbers to those that are 
gauge invariant. This would have the effect of collapsing all frames Fjj. at any 
stage j into one stage j frame^. The resulting frame field would then be one 
dimensional with one frame at each stage. 

The idea of constructing representations that are gauge invariant for some 
gauge transformations has already been used in another context. This is the use 
of the decohcrent free subspace (DFS) approach to quantum error correction. 
This approach [181 119) is based to quantum error avoidance in quantum compu- 
tations. This method identifies quantum errors with gauge transformations U. 
In this case the goal is to find subspaces of qubit string states that are invariant 
under at least some gauge U and are preserved by the Hamiltonian dynamics 
for the system. 

5 Note that Uj is a gauge transformation. It is not the jth element of one. 
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One way to achieve this is based on irreducible representations of direct 
products of ££7(2) as the irreducible subspaces are invariant under the action 
of some U. As an example, one can show that [5] the subspaces defined by 
the irreducible 4 dimensional representation of SU(2) x SU(2) are invariant 
under the action of any global U . The subspaces are the three dimensional 
subspace with isospin 1=1, spanned by the states |00), |11), 1/V2(|01) + 1 10) ) 
and the 1 = subspace containing l/-\/2(|01) — 1 10) ) . The action of any global 
U on states in the 1 = 1 subspace can change one of the I z states into linear 
superpositions of all states in the subspace. But it does not connect the states 
in the 1=1 subspace with that in the 1 = subspace. 

It follows that one can replace a string of 2n qubits with a string of n new 
qubits where the |0) and |1) states of the jth new qubit correspond to any state 
in the respective 1=1 and 1 = subspaces of the 4 dimensional representation 
of SU(2)2j~i x SU(2) 2 j- Any state of the n new qubits is invariant under all 
global gauge transformations and all local gauge transformations where 



This replacement of states of strings of 2n qubits by states of strings of n 
new qubits gives the result that, for all U satisfying Eq. [2H the Fjj frames 
at any stage j all become just one frame at stage j. However this still leaves 
many gauge U for which the new qubit string state representation is not gauge 
invariant. 

Another method of arriving at a gauge invariant description of rational string 
states is based on the description of the kinematics of a quantum system by 
states in a Hilbert space Tt, based on the SU(2) group manifold. Details of 
this, generalized to all compact Lie groups, are given in [22] and [21]. In essence 
this extends the well known situation for angular momentum representations of 
states based on the manifold of the group SO (3) to all compact Lie groups. 

For the angular momentum case the the action of any rotation on the states 
\l,m) gives linear combinations of states with different m values but with the 
same I value. The Hilbert space spanned by all angular momentum eigenstates 
can be expanded as a direct sum 



where I = 0, 1, 2, • • • labels the irreducible representations of 5*0(3). Qubits can 
be associated with this representation by choosing two different I values, say 
lo and h. Then any states in the subspaces Tii and 7ii 1 correspond to the |0) 
and |1) qubit states respectively. These states are invariant under all rotations. 
Extension of this construction to all finite qubit strings gives a representation 
of natural numbers, integers and rational numbers that is invariant under all 
SO(3) gauge transformations. 

This development can also be carried out for any compact Lie group where 
the quantum kinematics of a system is based on the group manifold (22[ [21] . 
In the case of SU{2) Eq. l30l holds with I = 0, 1/2, 1.3/2, • • •. The momentum 



U 2j -i = U 2j . 



(29) 



H = ($Hi 



(30) 
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subspaces Hi are invariant under all SU (2) transformations. As in the angular 
momentum case one can use this to describe states of qubits as 

|o> - n k) 

|l)-«,o 

that are SU(2) invariant. 

This construction can be extended to states of finite strings of qubits. De- 
tails of the mathematics needed for this, applied to graphs on a compact space 
manifold, are given in 21. In this way one can describe representations of 
rational string numbers that are SU (2) gauge invariant for all gauge U. 

There is a possible connection between these representations of numbers 
and the Ashtekar approach to loop quantum gravity. The Ashtekar approach 
[21] describes G valued connections on graphs defined on a 3D space manifold 
where G is a compact Lie group. The Hilbert space of states on all graphs can 
be represented as a direct sum of spaces for each graph. The space for each 
graph can be further decomposed into a sum of gauge invariant subspaces. This 
is similar to the spin network decomposition first described by Penrose |23] . 

The connection to qubit strings is made by noting that strings correspond 
to simple one dimensional graphs. States of qubit strings are defined as above 
by choosing two I values for the space of invariant subspaces as in Eq. [3lJ It is 
hoped to describe more details of this connection in future work. 

Implementation of this approach to reduction of the frame field one still 
leaves a one dimensional line of iterated frames. The line is finite, Fig. [2J 
one way infinite, Fig. [3l two way infinite, Fig. [4] or closed, Fig. [5] Because 
the two way infinite and cyclic fields have no abstract external sets of real and 
complex numbers and no abstract external space time, it seems appropriate to 
limit consideration to them. Here the cyclic field may be the most interesting 
because the number of the iterations in the cycle is undetermined. If it were 
possible to reduce the number to 0, then one would end up with a picture like 
Fig. Q] except that the R and C base of the frame would be identified in some 
sense with the gauge invariant representations described in the frame. Whether 
this is possible, or even desirable, or not, is a problem left to future work. 

Another approach to connecting the frame field to physics is based on noting 
that the independence of physical theories from the properties of different real 
and complex number representations can be expressed using notions of symme- 
try and invariance. This is that 

All physical theories to date are invariant 

under all SU (2) gauge transformations of the qubit based 

representations of real and complex numbers. 

Note that the gauge transformations apply not only to the qubit string states 
but also to the arithmetic relations and operations on the string states, Eqs. 
|2"U1 and [5TJ to sequences of states, to the Cauchy condition Eq. [531 an d to the 
definition of the basic field operations on the real numbers. 

The symmetry of physical theories under these gauge transformations sug- 
gests that it may be useful to drop the invariance and consider at the outset 

20 



(31) 



candidate theories that break this symmetry. These would be theories in which 
some basic aspect of physics is representation dependent. One approach might 
be to look for some type of action whose minimization, coupled with the above 
requirement of gauge invariance, leads to some restriction on candidate theories. 
This gauge theory approach is yet another aspect to investigate in the future. 

7 Discussion 

There are some points of the material presented here that should be noted. The 
gauge transformations described here apply to finite strings of qubits and their 
states. These are the basic objects. Since these can be used to represent natural 
numbers, integers, and rational numbers in quantum mechanics, one can, for 
each type of number, describe different representations related by SU (2) gauge 
transformations on the qubit string states. Here this description was extended 
to sequences of qubit string states that satisfied the Cauchy condition to give 
different representations of the real numbers. 

A reference frame was associated to each real and complex number rep- 
resentation. Each frame contains a representation of all physical theories as 
mathematical structures based on the real and complex number representation 
base of the frame. If the space time manifold is considered to be a 4 — tuple of 
the real numbers, then each frame includes a representation of space time as a 
4 — tuple of the real number representation. 

If one takes this view regarding space time, it follows that for all frames 
with an ancestor frame, an observer outside the frame field or an observer in 
an ancestor frame sees that the points of space time in each descendent frame 
have structure as each point is an equivalence class of Cauchy sequences of (or 
a Cauchy operator on) states of qubit strings. It is somewhat disconcerting to 
regard space time points as having structure. However this structure is seen 
only by the observers noted above. An observer in a frame F does not see his 
or her own space time points as having structure because the real numbers that 
are the base of his frame do not have structure. Relative to an observer in frame 
F, the space time base of the frame is a manifold of featureless points. 

It should also be noted that even if one takes the view that the space time 
manifold is some noncompact, smooth manifold that is independent of i? 4 , one 
still has the fact that functions from the manifold to the real numbers are frame 
dependent in that the range set of the functions is the real number representation 
base of the frame. Space time metrics are good examples of this. As is well 
known they play an essential role in physics. 

In quite general terms, this work is motivated by the need to develop a 
coherent theory that treats mathematics and physics together as a coherent 
whole [24] . It may be hoped that the approach taken here that describes fields 
of frames based on different representations of real and complex numbers will 
shed light on such a theory. The point that these representations are based on 
different representations of states of qubit strings shows the basic importance 
of these strings to this endeavor. 
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Finally it should be noted that the structure of frames emanating from 
frames has nothing to do with the Everett Wheeler view of multiple universes 
[2"5] . If these multiple universes exist, then they would exist within each frame 
in the field. 
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